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Diffusion of particles in a heterogeneous system
separated by a semipermeable membrane is
investigated. The particle dynamics is governed
by fractional diffusion equations in the bulk
and by kinetic equations on the membrane,
which characterizes an interface between two
different media. The kinetic equations are solved
by incorporating memory effects to account for
anomalous diffusion and, consequently, non-Debye
relaxations. A rich variety of behaviours for the
particle distribution at the interface and in the
bulk may be found, depending on the choice of
characteristic times in the boundary conditions and
on the fractional index of the modelling equations.

1. Introduction
Many of the fundamental problems in biology and
engineering are characterized by systems separated
by a membrane [1,2]. In a general context, one can
emphasize that membranes mainly act as barriers and
as transporters. In other words, they are responsible
for (i) the selectivity of particles by means of sorption
and desorption processes and, consequently, (ii) the
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Let us consider an infinity medium where all the relevant quantities diffuse in one dimension (the
x-direction). For simplicity, we consider that there is a membrane located at x = 0, so it divides the
space in two regions, x > 0 (side 1) and x < 0 (side 2). The membrane’s thickness ξ is sufficiently
thin to assure that only the kinetic processes are relevant in this region (figure 1). We consider that
the distributions of the particles in the bulk are governed by the fractional diffusion equations
∂
ρ1 (x, t) = K1 0 Dt1−α1
∂t




∂2
ρ1 (x, t) ,
∂x2

(2.1)

...................................................

2. The problem: diffusion and kinetics

2
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translocation of particles from one region to the other. In the complex and dynamical environment
of living cells, the membrane is key to ensure the suitable transport of information and material
between the cell’s outer and inner regions [1], i.e. it is selectively permeable to organic molecules
and ions [3]. The dynamics of these molecules and ions relies on transport processes that are
crucial for maintaining life, including simple diffusion, facilitated diffusion, osmosis and active
transport. In the simplest case, the diffusion rate is directly proportional to the concentration of
the diffusing substance. For facilitated diffusion and active transport, the rate depends on the
number of channels and carrier proteins in the membrane, and approaches its maximum value as
the number of carriers become saturated [3,4]. Adding to the complex permeability of membranes
is the fact that some proteins, called peripheral membrane proteins, adhere only temporarily
to the membrane regulating cell signalling and then detaching from the membrane [5]. For
engineering, the development of synthetic (or inorganic) membranes as permeable barriers are
very suitable for separation applications and for reaction enhancement [6,7]. Compared with the
organic membrane, the inorganic ones exhibit higher thermal and chemical stabilities [2]. For
instance, important applications can be found in the water treatment, where the membrane plays
an important role to the removal of unwanted chemicals and viruses from contaminated sources
of water [8], making it possible to conduct environmentally important reactions without adding
harmful and expensive chemicals [9].
The choice of appropriate boundary conditions is crucial to achieve a suitable description of
these complex phenomena in connection with the specific processes undergone by particles in
the vicinity of the membrane, which involve also translocation through it [10–12]. Boundary
conditions obtained from the experimental scenario also determine the dynamics of particles
in the bulk and may lead to an anomalous diffusion which, frequently, manifest different
diffusive regimes [13]. One of the main characteristics of this anomalous diffusion is the nonlinear
behaviour of the mean square displacement, i.e. (x − x)2  ∝ tα (α < 1 and α > 1 correspond
to subdiffusion and superdiffusion, respectively), which is, in general, related to a stochastic
process with non-Markovian characteristics. It is worth mentioning that systems characterized
by long tailed distributions, i.e. Lévy distributions, also exhibit anomalous diffusion. Several
models have been proposed in order to explain this complicated behaviour from the physical
point of view [14–21]. In most of the cases, stochastic models based on the diffusion equation and
simulation methods are employed to face the problem [22].
Here, from the formal point of view, we investigate the diffusion in a heterogenous media
separated by a membrane, whose processes are described in terms of kinetic equations,
responsible for the selectivity of particles by means of a sorption and desorption process and
translocation. In our model, both, kinetic and boundary conditions, were modified in order
to embody unusual relaxations and possible anomalous diffusion effects, by incorporating
convolutions between the reaction rates and densities, leading to non-Debye relaxation processes,
i.e. memory effects [23,24]. We also consider that the particle diffusion in the bulk is governed by
fractional diffusion equations [25]. In this manner, the problem formulated here is general enough
to incorporate several relevant particular cases and enable us to explore different scenarios.
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Figure 1. The steps of the formalism proposed here may be summarized as follows: the particles present in region 1 are sorbed
(with a rate ks1 ) by a membrane placed between two media and, by means of a kinetic process, the substance may be transported
from region 1 to region 2, with a rate k1 . Likewise, the substance in region 2 may also be sorbed (with a rate ks2 ) by the surface and
then transported to region 1, with a rate k2 . Note that the membrane thickness ξ is considered sufficiently small, i.e. |ξ | → 0,
to avoid the diffusion in this region. (Online version in colour.)

for 0 < x < ∞, and
∂
ρ2 (x, t) = K2 0 Dt1−α2
∂t




∂2
ρ2 (x, t) ,
∂x2

(2.2)

for −∞ < x < 0. In equations (2.1) and (2.2), K1 and K2 are, respectively, the generalized diffusion
coefficients of regions 1 and 2. The quantities ρ1 and ρ2 represent the density of particles
in each side and the fractional time derivative present in equations (2.1) and (2.2) is the
Riemann–Liouville one, i.e.

d t  ρ1(2) (x, t )
1
1−α1(2)
D
[ρ
(x,
t)]
=
dt
,
(2.3)
0 t
1(2)
Γ (α1(2) ) dt 0
(t − t )1−α1(2)
with 0 < α1(2) < 1 [26,27]. Note that the values 0 < α1 < 1 and 0 < α2 < 1 are connected with a
subdiffusive process, whereas α1 = α2 = 1 corresponds to usual diffusion. It is worth noting
that the fractional diffusion equation is an important tool for describing anomalous diffusion
in general (e.g. [28–30]). On each side of the membrane, the following equations apply:


t
t

∂
d
1−α1
ρ1 (x, t) 
K1 0 Dt
= Cside,1 (t) + k1 (t − t )ρ1 (0, t ) dt − k2 (t − t )ρ2 (0, t ) dt (2.4)
∂x
dt
0
0
x=0
and




t
t

∂
d
= − Cside,2 (t) − k2 (t − t )ρ2 (0, t ) dt + k1 (t − t )ρ1 (0, t ) dt ,
ρ2 (x, t) 
∂x
dt
0
0
x=0
(2.5)
where k1 (t) and k2 (t) are related to the rate of particle transport through the membrane from the
one side to the other side. This set of equations, which connect the current density from both
sides, are intended to describe the sorption, desorption and transport of the particles from one
region (e.g. region 1) to the other (e.g. region 2). In these equations, Cside,1 (t) and Cside,2 (t) represent
the density of particles at the membrane on each side, obtained from the bulk by a sorption
process. The first term in the right side of equations (2.4) and (2.5) gives the time variation of
the particles sorbed by the surfaces of the membrane and the others terms are related to the
transport of the particles sorbed from the one side to the other side. For the sorption process and
desorption processes on the surface, we propose that they are modelled by the following kinetic
equations [13]:
t
d
Cside,1 (t) = ks1 ρ1 (0, t) − kd1 (t − t )Cside,1 (t ) dt
(2.6)
dt
0
1−α2

K2 0 Dt

...................................................

x
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and
kd2 (t − t )Cside,2 (t ) dt .

(2.7)

In the above equations, ρ1 (0, t) and ρ2 (0, t) are the bulk density just in front of the membrane,
on sides 1 and 2, respectively. ksi (i = 1, 2) are parameters connected to the sorption phenomena,
being related to a characteristic sorption time τi ∝ 1/ksi , and kdi (t) is a kernel that governs the
desorption phenomena. These equations state that the time variation of the surface density of
sorbed particles at a given side depends on the bulk density of particles just in front of the
membrane, and on the surface density of particles already sorbed [13]. They extend the usual
kinetic equations (Langmuir approximation) to situations characterized by non-usual relaxations,
i.e. non-Debye relaxations for which a non-exponential behaviour of the densities can be obtained,
depending on the choice of the kernels [13,31]. The underlying physical motivation of the
time-dependent rate coefficients can be related with the fractal nature, low-dimensionality or
macromolecular crowding of the medium [32–35], and even with the anomalous molecular
diffusion [36]. Moreover, a linear response approach [37] was proposed to describe this temporal
behaviour and there is a possible connection with the generalization of the mass action law [38,39].
From a phenomenological point of view, the choice of the kernels of the equations (2.6) and (2.7)
can be related to surface irregularities [32], which are important in adsorption–desorption, to
diffusion, to catalysis processes, and to microscopic parameters representing the van der Waals
interaction between the particles and the surfaces [40]. A kernel like kdi (t) has been used in
several contexts to express non-Debye relaxation, yielding non-trivial behaviour description and
allowing for different or combined effects in a single kinetic equation [13].
In a few words, equations (2.6) and (2.7) are proposed to represent the sorption of the particles
on each surface with the rates ks1 and ks2 . After the sorption process, the particles present on the
surface can be desorbed, with the rates kd1 (t) and kd2 (t). They can also be transported throughout
of the membrane with the rates k1 (t) and k2 (t). Thus, the usual current balance [13,31] is modified
by the second and third terms on the right side of equations (2.4) and (2.5) in order to represent
the transport of particles from side 1 to side 2 and vice versa. For a cell membrane, k1 (t) and k2 (t)
may be related to a continuous-time discrete Markov process of two stages for the transition rates
as the channel can exist either in a closed or in an open state on each side. In this sense, they may
be connected to the probability of opening the channel in a given side in order to make possible
the transport of particles from the one side to the other. Furthermore, equations (2.4) and (2.5) can
also be related to generalized reactive boundary conditions and the presence of fractional time
derivatives are connected to the possibility of non-usual relaxation in the bulk, as discussed below.
Formal derivations and possible applications in biological contexts of the fractional diffusion
equation with reactive boundary conditions can be found in [41–43]. In particular, due to the
non-Markovian nature of subdiffusion, these conditions seem to be more suitable than the usual
reaction–diffusion equation with reaction term independent on the transport one [41]. It is also
interesting to mention that equations (2.4) and (2.5) are coupled with equations (2.6) and (2.7)
in such way that processes occurring in one side modifies the dynamic of the other side. The
searched solutions are also subjected to the homogeneous boundary conditions ∂x ρ1 (∞, t) = 0 and
∂x ρ2 (−∞, t) = 0 to conserve the number of particles present in the system. For a non-conservative
situation, it is possible to consider inhomogeneous boundary conditions which may be related to
a source or sink.
The boundary conditions incorporated in the diffusion equations imply that
Cside,1 (t) + Cside,2 (t) +

0
−∞

ρ2 (x, t) dx +

∞
0

ρ1 (x, t) dx = const.,

(2.8)

which is a direct consequence of the conservation of the total number of particles present in the
system. Equation (2.8) can be obtained by performing an integration in equations (2.1) and (2.2)

...................................................

0
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d
Cside,2 (t) = ks2 ρ2 (0, t) −
dt

t
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and
d
dt

0
−∞

ρ2 (x, t) dx + Cside,2 (t) =

t
0

k1 (t − t )ρ1 (0, t ) dt −

t
0

k2 (t − t )ρ2 (0, t ) dt .

(2.10)

By adding equations (2.9) and (2.10), one finds
d
dt

 ∞
0


0
d
ρ1 (x, t) dx + Cside,1 (t) = −
ρ2 (x, t) dx + Cside,2 (t) ,
dt −∞

(2.11)

from which equation (2.8) can be obtained. Equation (2.11) also shows that the mass (number of
particles) variation on side 1 is connected to the variations on side 2. In particular, the negative
sign shows that the variation of particles on one side (gain or loss) produces an opposite variation
on the other side. The set of equations (2.6)–(2.8) covers a general scenario from which some
specific situations can be investigated.
Let us consider some concrete cases in order to illustrate how previous formalism works. For
this, we initially suppose that all the particles are located in the region x > 0 (region 1), such that
∞
the initial conditions are, in a general form, ρ1 (x, 0) = ϕ(x) (with 0 dxρ1 (x, 0) = 1), ρ2 (x, 0) = 0 and
Cside,1 (0) = Cside,2 (0) = 0). As time evolves, region 2 gets occupied by particles from region 1 as a
product of the membrane transport and, consequently, the density of particles at region 2 is totally
dependent on the role developed by the membrane. The general solution in different media may
∞
be established by using the Laplace transform, where ρ(x, s) = L{ρ(x, t)}[L{. . .} = 0 (. . .)e−st dt],
and the Green function approach. We note that the solution of equation (2.2), in the Laplace space,
is given by
√α
s 2 /K2 |x|

ρ2 (x, s) = ω2 (s)e−
and
ω2 (s) =

(2.12)

(s + kd2 (s))k1 (s)
ρ1 (0, s),
√
(s K2 /sα2 + k2 (s))(s + kd2 (s)) + sks2

(2.13)

from which it is possible to show that
Cside,2 (s) =

(s + kd1 (s))ks2 k1 (s)
Cside,1 (s),
√
(s K2 /sα2 + k2 (s))(s + kd2 (s))ks1 + sks2 ks1

which enables us to reduce equation (2.4) to



∂
ρ1 (x, s) 
K1 s1−α1
= ω1 (s)ρ1 (0, s),
∂x
x=0
with
ω1 (s) =

(2.14)

(2.15)

s
(s + kd2 (s))k2 (s)k1 (s)
ks1 + k1 (s) − √
.
s + kd1 (s)
(s K2 /sα2 + k2 (s))(s + kd2 (s)) + sks2

By means of the Green function approach, the solution for ρ1 (x, s) can be written as
∞
ρ1 (x, s) = −
G1 (x, x ; s)ϕ(x ) dx ,

(2.16)

(2.17)

0

in which the Green function is defined as
G1 (x, x ; s) = −

√

√

1

2s K1

/sα1

(e−

sα1 /K1 |x−x |

√

+ e−

sα1 /K1 |x+x |

)

√α
1
2ω1 (s)

1
e− s /K1 |x+x | .
+ √
√
s K1 /sα1 + ω1 (s) 2s K1 /sα1

(2.18)

...................................................

(2.9)
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which, after using equations (2.4) and (2.5), become
 t
 ∞
t
d
ρ1 (x, t) dx + Cside,1 (t) = k2 (t − t )ρ2 (0, t ) dt − k1 (t − t )ρ1 (0, t ) dt
dt 0
0
0
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Equation (2.12) can be rewritten, by using the previous results, as follows:

(s K2

/sα2

√α
√α
1
(s + kd2 (s))k1 (s)

1
2
e− s /K1 |x | e− s /K2 |x| .
√
α
+ k2 (s))(s + kd2 (s)) + sks2 s K1 /s 1 + ω1 (s)

(2.19)

By analysing equation (2.18), we note that the processes present at the membrane have direct
influence on the dynamics of the particles in region 1. The presence of k2 (s), kd2 (s) and ks2 in ω(s)
implies that the sorption and desorption processes in region 2 and, consequently, the particle
transport (from region 2 to region 1) modify the dynamic of the particles in region 1. After
performing the inverse Laplace transform with k1 (s) = k1 = const., kd1 (s) = kd1 = const., k2 (s) =
k2 = const. and kd2 (s) = kd2 = const., equations (2.18) and (2.12) can be written, respectively, as







|x − x | (1−α1 /2,α1 /2)
|x + x | (1−α1 /2,α1 /2)
1,0
G1 (x, x ; t) = − √
H
+ H1,1 √
√
K1 tα1 (0,1)
K1 tα1 (0,1)
4K1 tα1



t
dt
|x + x | (1−α1 /2,α1 /2)
1,0

Π (t − t ) H1,1 √
(2.20)
+ √
K1 tα1
K1 tα1 (0,1)
0
1



1,0
1,1

and
ρ2 (x, t) =

t
0

√



dt
4K1 tα2



1,0
1,1

Υ (t − t ) H



|x| (1−α2 /2,α2 /2)
,
√
K2 tα2 (0,1)

(2.21)

with
∞

(−ks2 )n

Υ (t) = Φ(t) +

t
0

n=1

dtn Ξ (tn − tn−1 )

 tn
0

dtn−1 Ξ (tn−1 − tn−2 ) · · ·

 t2
0

dt1 Ξ (t2 − t1 )Φ(t1 ),
(2.22)

where
Ξ (t) = √





t
−kd2 t
k2 α 
k2 α 
−kd2 t
 e
 ,β 
 ,β 
−
−
k
−
E
t
e
dt
E
t
√
√
√
α
α
d2
K2
K2
K2 tα2
K2 tα2
0
1

(2.23)

and
Φ(t) = k1 ρ1 (0, t) − k1

t

k2 ρ1 (0, t )

dt

K2 (t − t )α2

0



k2

Eα  ,β  − √ (t − t )α
K2

(2.24)

and α  = β  = 1 − α2 /2. The quantities Π (t) and Iωζ (t) introduced above are defined, respectively,
as
∞

Π (t) = Iω1 (t) +

(−1)n
n=1

t
0

dtn Iω1 (t) · · ·

 t2
0

dt1 Iω1 (t2 − t1 )Iω1 (t1 )

(2.25)

and
Iω1 (t) = √

m,n

(ap ,Ap )

1
K1 Γ (1 + α1 /2)

t
0

dt

ω1 (t )
.
(t − t )α1 /2

(2.26)

In previous equations, Hp,q [x|(bq Bq ) ] is the Fox H function [27] and Eα,β (x) is the two parameters
Mittag–Leffler function—functions connected to anomalous relaxation of the system due to the
presence of fractional time derivative in equations (2.1) and (2.2).

...................................................

√
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ρ2 (x, s) =

6
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Figure 2. (a) Spatial profiles of the distributions ρ1 (x, t) and ρ2 (x, t) (where ρ1 (x, t) = x  ρ1 (x, t) and ρ2 (x, t) = x  ρ2 (x, t))
for two different values of α2 , when t = τ1 (where τ1 = (x 2 /K1 )1/α1 ). (b) Behaviour of the mean square displacement
((2 x)2 = (x − x)2  where the subindex 2 denotes region 2) for the particles present in region 2 with t  = t/τ1 . In
figure 2b, the dashed lines are guides to the eyes representing the diffusive regimes. We consider, for simplicity, k1 (t) = k̄1 δ(t)
(where k̄1 = x  /τ1 ), k1d (t) = k2d (t) = 0, τ1 = τ2 (where τ2 = (x 2 /K2 )1/α2 ), k1s = k2s = 0, and k2 = 0, in arbitrary units.
(Online version in colour.)

Now, let us first apply the previous results to the situation characterized by the particles being
transported (e.g. osmotic process) from one side to the other, i.e. k2 = 0 with k1 = 0. In connection
to a cell membrane, the constant k1 may also be related to the opening channels rate, which
are able to conduct the substance from one side to the other, as mentioned before. In this case,
equations (2.9) and (2.10) imply that
 ∞

d
ρ1 (x, t) dx + Cside,1 (t) = −k1 ρ1 (0, t)
(2.27)
dt 0
and
d
dt

0
−∞

ρ2 (x, t) dx + Cside,2 (t) = k1 ρ1 (0, t).

(2.28)

These equations show that in region 1 the substance (number of particles) is decreasing and
in region 2 the substance (number of particles) is increasing due to the transport across the
membrane with the rate k1 .
Figure 2 shows the behaviour of the distribution for two different values of α2 and the mean
square displacement in region 2. In particular, we consider that α1 = 1 in region 1, and in region 2,
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Figure 3. (a) Mean square displacement in region 2 for cases k2s = 0 and k2s = 0. These cases passes through a transient
characterized by different regimes until them reach a critical concentration (region 2) and the behaviour becomes usual for
k2s = 0 or subdiffusive for k2s = 0. (b) Behaviour of the mean square displacement for region 1 and in region 2, with k2s = 0.
Note that, in region 1, the regime is initially usual but, after some time has elapsed, it becomes subdiffusive as the membrane
promotes adsorption, desorption and transport of particles, thus inducing particle crowding in region 1. The dashed lines are
guides to the eyes representing the diffusive regimes. We consider, for simplicity, k1s = 102 x  /τ1 , k1 (t) = k̄1 δ(t) (where k̄1 =
x  /τ1 ), t  = t/τ1 , k1d (t) = k̄1d δ(t) (where k̄1d = 2/τ1 ), k2d (t) = 0, α1 = α2 = 1, τ1 = τ2 (where τ1 = (x 2 /K1 )1/α1 and
τ2 = (x 2 /K2 )1/α2 ), k2s = x  /τ2 , and k2 (t) = 0, in arbitrary units. (Online version in colour.)
two values for α2 are allowed: α2 = 1 and α2 = 12 . From figure 2b, we observe that the behaviour
of the mean square displacement is asymptotically governed by the bulk equations for k2s = 0
and may exhibit an anomalous behaviour depending on the α2 value. For this case, in the
asymptotic limit of long times, i.e. t → ∞, we have (x − x)2  → tα2 showing that bulk effects
have a pronounced role on this diffusive regime. The initial behaviour manifested in figure 2b
by the particles in region 2 is an evidence of the confinement of particles by the membrane
during the process of passage from region 1 to 2. For intermediate times, we have the presence of
different regimes, e.g. as evidenced in figure 2b for α2 = 1 by the straight lines. Similar feature also
occurs for α2 = 12 until the system reaches the asymptotic regime characterized by subdiffusion.
The different regimes manifested for both cases, presented in figure 2b, show the influence of the
membrane which represents an obstacle to the passage of the particles from the one side to the
other side. They are transitory until the movement of the system achieves the regime governed
by the bulk equation for long times. In fact, for this case, in the asymptotic limit of long times,
i.e. t → ∞, we have (2 x)2  → tα2 showing that bulk effects have a pronounced role on this
diffusive regime.
The spreading of the system also depends on the processes at the surface on region 2, which
may involve different diffusion regimes. This feature is illustrated in figure 3a by comparing the
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Figure 4. (a) Mean square displacement in regions 1 and 2 with k2 = 0 and k2s = 0. Region 1 starts with usual diffusion and
passes through different regimes, and for long times recovers the usual behaviour. In particular, this asymptotic behaviour in
region 1 is due to the reverse transport of particles, i.e. k2 = 0, from region 2 to region 1, as shown in (b) when compared
with case k2 = 0. In the inset of figure 4b, we show that k2 = 0 led us asymptotically to a usual diffusion and k2 = 0 a
subdiffusive regime. Region 2, similarly to the previous case, manifests a different behaviour followed by a usual diffusion.
We consider, for simplicity, k1s = 102 x  /τ1 , k1 = k̄1 δ(t) (where k̄1 = x  /τ1 ), k1d = (2/τ1 )δ(t), t  = t/τ1 , τ1 = τ2 (where
τ1 = (x 2 /K1 )1/α1 and τ2 = (x 2 /K2 )1/α2 ), α1 = α2 = 1, k2d (t) = [1/(2τ2 )]δ(t), k2s = x  /τ2 , and k2 (t) = k̄2 δ(t) (where
k̄2 = x  /τ2 ), in arbitrary units. (Online version in colour.)
cases ks2 = 0 (solid black line) and ks2 = 0 (dashed black line) with k2 = 0. We verify that initially
the behaviour of the particles transported from region 1 to region 2 after leaving the membrane
is superdiffusive (green dashed line) followed by an usual behaviour for ks2 = 0 or a subdiffusive
one for ks2 = 0. In figure 3b, we show that in region 1, which initially presents usual diffusion,
the process evolves towards anomalous diffusion for long times. This fact can be attributed to the
surface, which is sorbing, desorbing and transporting particles out of region 1.
Figure 4a shows the behaviour of the mean square displacement for both regions when case
k2 = 0 is considered, i.e. the membrane also permits a reverse (e.g. osmotic) process. In figure 4b,
cases k2 = 0 and k2 = 0 are compared for region 1. We observe that k2 = 0 leads to the recovery of
the usual diffusion in the asymptotic limit, whereas case k2 = 0 results in a subdiffusive regime.
Similar to the previous case, we verify that the particles present in region 1 manifest different
regimes due to the membrane. In particular, for k2 = 0, the asymptotic limit lead us to a regime
governed by the bulk equation with (1 x)2  → tα1 for region 1. For region 2, the spreading of the
system is asymptotically governed by (2 x)2  → t(α2 +α1 )/2 . This result depends on α2 and α1 , in
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contrast with the cases discussed for k2 = 0 in figures 2 and 3 which only depends on α2 in the
asymptotic limit and the sorption—desorption processes manifested by the membrane.
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