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ABSTRACT: In this study, we argue that ion motion in electrolytic cells containing Milli-Q water,
weak electrolytes, or liquid crystals may exhibit unusual diﬀusive regimes that deviate from the
expected behavior, leading the system to present an anomalous diﬀusion. Our arguments lie on the
investigation of the electrical conductivity and its relationship with the mean square displacement,
which may be used to characterize the ionic motion. In our analysis, the Poisson−Nernst−Planck
diﬀusional model is used with extended boundary conditions to simulate the charge transfer,
accumulation, and/or adsorption−desorption at the electrode surfaces.

■

cybotactic clusters.12−14 In fact, the electrical conductivity may
exhibit an unusual dependence on the frequency, for example,
σ(ω) ∼ ωδ with 0 ≤ δ < 1,8 leading to⟨(Δz)2⟩ ≡ ⟨(z − ⟨z⟩)2⟩ ∝
t1−δ, a typical characteristic of an anomalous diﬀusion. This
result bridges the gap between an electrical measurement and
the phenomenological descriptions of ionic motion. It also
evidences that the electrical data obtained may be used to
better understand the contributions of the bulk and surface
eﬀects to the ionic dynamics in diﬀerent experimental scenarios.
Here, we analyze the relationship between the electrical
conductivity and the ionic motion in Milli-Q water, weak
electrolytes, and LCs in contact with diﬀerent kinds of
electrodes from the experimental data obtained via electrical
impedance spectroscopy, shown in Figure 1. We establish the
contribution of the surface and bulk eﬀects to the diﬀusive
regimes present in these systems by considering the relationship between the impedance, Z(ω), and the conductivity, σ(ω),
thus enabling the use of Einstein’s generalized relation between
mobility μ(ω) and diﬀusion constant to nonzero frequency
D(ω), where μ(ω) ∝ D(ω) and μ(ω) ∝ σ(ω). Thus, we may
obtain D(ω) and relate it to the mean square displacement that
characterizes the diﬀusive process. We also use the Poisson−
Nernst−Planck (PNP) model to relate the behavior of the
conductivity to the contribution of the surface and/or the bulk
depending on the frequency range.

INTRODUCTION
The very irregular state of motion observed by Robert Brown
for small pollen grains suspended in water initiated one of the
most fascinating ﬁelds of science. The importance of such
discovery, the so-called diﬀusion process, is immeasurable, and
it has been found in several contexts of nature. Satisfactory
explanations for this motion were proposed by Einstein,1 von
Smoluchowski,2 and Langevin3 in their pioneering works. The
main feature of this random motion is the linear growth with
time exhibited by the mean square displacement, that is,
⟨(Δz)2⟩ ∼ t, which is characteristic of a Markovian process. In
contrast with this situation, for example, living cells,4 crowding
systems,5,6 and amorphous conductor7 all present a diﬀusion
process that may exhibit a nonlinear time dependence for
⟨(Δz)2⟩, typical of non-Markovian processes. This feature has
implications on the physical properties of these systems,
particularly on the electrochemical properties, which represent
a relevant research ﬁeld of material science. In this regard, an
important scenario concerns the ion motion in disordered
solids that may undergo a subdiﬀusive regime, indicating that
the ionic motion is not random or temporally correlated.8−10
Among the possible implications on the physicochemical
properties, the electrical conductivity of a material is directly
inﬂuenced by the diﬀusion process.11 One system for which an
unusual behavior of the conductivity may be associated with an
anomalous behavior of the diﬀusion regime is encountered in
bent-core liquid crystals (LCs). For these materials, distinct
conductivity spectra are commonly observed, which often
switch sign (anisotropy) and can be associated to geometrical
constraints inherent of the phase, such as the presence of
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by a kinetic equation corresponding to the Langmuir
approximation,25 whereas for κ(t, δ̅) = κδ(t)δ(δ̅), a Chang−
Jaﬀé-like boundary condition is reobtained.21

■

RESULTS AND DISCUSSION
Let us now use the impedance obtained by solving the previous
equations (see Appendix for details) with κ(iω)
= κ1̅ (iω)δ1 +
̅
δ2
κ2̅ (iω) to investigate the experimental data of Figure 1. It is
worth mentioning that depending on the values of δ1 and δ2,
κ̅(iω) may lead to a charge-transfer behavior and/or a
capacitive-like behavior, which may be attributed to an
accumulation and/or an adsorption−desorption process on
the electrode surfaces. Figure 2a shows a comparison between

Figure 1. (a) Imaginary (X (X = Im Z)) vs real (R (R = Re Z)) parts of
the impedance (Nyquist diagram) for the experimental data obtained
from a weak electrolyte of KClO3 (black circles) and Milli-Q water
(green circles) (see ref 18 for more details on the experimental setup).
(b) Experimental data obtained from electrolytic cell with LCs by
taking into account electrodes with gold pixel on the surface (LC-Au)
(orange circles) and electrodes made of indium tin oxide (ITO) (blue
circles) (see ref 19 for more details on the experimental setup).

■

THEORY
The PNP model is based on the continuity equation, ∂tn±(z, t)
+ ∂z j±(z, t) = 0, in relation to the current density
qD±
∂V (z , t )
∂
j± (z , t ) = −D± n±(z , t ) ∓
n±(z , t )
∂z
kBT
∂z
(1)
Figure 2. (a) Real part (R = Re Z) part vs log10 (ω/2π); (b) scaled
conductivity (σ(S/d)) vs log10(ω/2π). The inset in (a) shows
imaginary part (X = Im Z) vs log10(ω/2π), and that in (b) shows
the behavior of the conductivity in the low-frequency regime. The
experimental data of KClO3 (black circles), Milli-Q water (green
circles), and eq 9 (red dotted line) are also shown. Note that the best
agreement between the experimental data and the theoretical model is
obtained for the case eq 9. For the electrolytic cell with KClO3, we
used D ≈ 2.85 × 10−9 m2 s−1, λ ≈ 4.5 × 10−8 m, ϵ ≈ 82.0ϵ0, S = 3.14 ×
10−4 m2, d = 10−3 m, κ2̅ = 7.0 × 10−7 m s−1+δ2, δ2 = 0.83, and κ1̅ = 2.6 ×
10−8 m s−1. For the case with Milli-Q water, we used D ≈ 3.4 × 10−9
m2 s−1, λ ≈ 8.38 × 10−8 m, ϵ ≈ 80.0ϵ0, S = 3.14 × 10−4 m2, d = 10−3 m,
κ2̅ = 2.5 × 10−5 m s−1+δ2, δ2 = 0.84, and κ1̅ = 4.3 × 10−8 m s−1.

where D+ = D− = D is the diﬀusion coeﬃcient (the same for
positive and negative ions), V(z, t) is the eﬀective electric
potential across the sample of thickness d, kB is the Boltzmann
constant, T is the absolute temperature, q is the eﬀective charge,
and n±(z, t) is the density of ions across the sample.
Furthermore, the potential V(z, t) satisﬁes the Poisson
equation, ∂2z V(z, t) = −q[n+(z, t) − n−(z, t)]/ε, where ε is
the dielectric coeﬃcient of the medium (measured in ε0 units).
We also consider it subjected to the boundary conditions15−20
j± ( ±d /2, t ) = ±

∫0

t

1

dδ ̅

∫−∞ dt′κ(t − t′, δ ̅)

∂ tδ′̅n±( ±d /2, t ′)

(2)

this model (eq 9) and the experimental data obtained for a
solution of KClO3 and Milli-Q water, where an excellent
agreement is observed. By using the same parameters, we show
that the conductivity for these systems is also in good
agreement with that of the model (see Figure 2b). In Figure
3, the experimental data obtained from the electrolytic cells
with a LC (see ref 19 for more details) are compared with eq 9
and an excellent agreement is obtained. For this case, we also
present the behavior of the conductivity and the model. The

where κ(t, ν)̅ is a kernel convoluted with a fractional time
derivative that can be related to the surface eﬀects presented,
such as adsorption−desorption15 and charge transfer.21
Equation 2 embodies several situations and leads to a scenario
characterized by anomalous diﬀusion, as discussed in refs
22−24. In particular, it is worth mentioning that for κ(t, δ̅) = κ
e−t/τδ(δ̅ − 1) the previous boundary conditions may account
for an adsorption−desorption process at the surface governed
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σ ≈ σ1̅ + σ2̅ ω δ2

(3)

with σ1̅ = (κ1̅ /λ)Ξ1* and σ2̅ = (κ2̅ /λ)Ξ 2* cos(πδ2/2), where
Ξ1 = (1 + (κ1̅ /λ)9*)/Δ, Ξ 2 = [1 + 2(κ1̅ /λ)9*]/Δ, a n d
Δ = [1 + (κ1̅ /λ)9*(1 + (κ1̅ /λ)9*)]. The eﬀect of the surface on conductivity is evident due to the presence of κ1̅ and κ2̅
in σ̅1 and σ̅2. By applying the procedure described in ref 9, it is
possible to associate the conductivity given by eq 3 with the
mean square displacement. In particular, we can show that
⟨(Δz)2 ⟩ ≈ 2dκ1̅ Ξ1t +

2dκ2̅
Ξ 2t 1 − δ 2
Γ(2 − δ2)

(4)

Equation 4 shows that the ionic motion in the low-frequency
limit manifests an interplay between two diﬀerent regimes with
the crossover deﬁned by the characteristic time, τc ≈ {κ2̅ Ξ2/
[Γ(2 − δ2)κ1̅ Ξ1]}1/δ2. This behavior reﬂects the inﬂuence of the
surfaces and evidences that the waiting time distribution related
to the ionic motion for t ≪ τc is characterized by a power law
(subdiﬀusion) and for t ≫ τc an exponential behavior is
exhibited (usual diﬀusion). For the electrolytic cell with LCs,
the behavior of the conductivity is given by
σ ≈ σ1̃ ω δ1 + σ2̃ ω δ2

(5)

for the case LC-AU2, and
σ ≈ σ1̃ ω δ1
Figure 3. (a) Real part (R = Re Z) vs log10(ω/2π); (b) scaled
conductivity (σ(S/d)) vs log10(ω/2π). The inset in (a) shows
imaginary part (X = Im Z) vs log10(ω/2π), and that in (b) shows
the behavior of the conductivity in the low-frequency regime. The
experimental data of LC-AU2 (black squares), LC- ITO (blue circles),
and eq 9 (red dotted line) are also shown. Note that the best
agreement between the experimental data and the theoretical model is
obtained for the case eq 9. For the electrolytic cell with LC-Au, we
used D ≈ 5.3 × 10−12 m2 s−1, λ ≈ 6.9 × 10−8 m, ϵ ≈ 7.0ϵ0, S = 10−4 m2,
d = 36 × 10−6 m, κ1̅ = 1.17 × 10−7 m s−1+δ1, δ1 = 0.55, δ2 = δ1/2, and κ2̅
= 1.05 × 10−7m s−1+δ2. For the case with LC-ITO, we used D ≈ 1.6 ×
10−11 m2 s−1, λ ≈ 1.2 × 10−7 m, ϵ ≈ 9.0ϵ0, S = 10−4 m2, d = 37 ×10−6
m, κ1̅ = 5.4 × 10−9 m s−1+δ1, and δ1 = 0.66.

(6)

for the other case LC-ITO. In both cases, we have
σ1̃ = [(κ1̅ /λD)*] cos(πδ1/2)
and
σ2̃ = [(κ2̅ /λD)*] cos(πδ2/2). Similarly to the previous case,
we may use the approach presented in ref 9 and connect eqs 5
and 6 with their mean square displacements, yielding
⟨(Δz)2 ⟩ ≈

2dκ1̅
2dκ2̅
t 1 − δ1 +
t 1 − δ2
Γ(2 − δ1)
Γ(2 − δ2)

(7)

where 0 < δ1 < 1 and 0 < δ2 < 1 for the case LC-AU2, and
⟨(Δz)2 ⟩ ≈

details about the procedure used to obtain the experimental
data for the Milli-Q and KClO3 solution can be found in refs
17, 18. The procedure used to obtain the experimental data for
the electrolytic cells with LCs is described in ref 19.
The previous discussion shows that the experimental
scenarios considered here in the low-frequency regime are
suitably described by the PNP model with boundary conditions
given by eq 2, and, consequently, it reﬂects the ionic motion in
these electrolytic cells. This point may be better understood by
using the electrical conductivity to show the inﬂuence of bulk
and surface on the ionic motion in this frequency range. The
electrical conductivity may be related to the mean square
displacement, which is a measure of the ionic motion in the
electrolytic cell and consequently gives information about the
diﬀusion occurring in the electrolytic cells. According to the
developments described in ref 9, we use eq 10 (see Appendix)
in the deﬁnition σ = dR/(S|Z|2) to obtain the behavior of the
electrical conductivity in the asymptotic limit of low frequency,
which is the scenario in which the diﬀusion and surface eﬀects
have a pronounced inﬂuence on the electrical response. For the
case shown in Figure 2b, after some calculations, it is possible
to show that the conductivity, in the low frequency limit, can be
approximated to

2dκ1̅
t 1 − δ1
Γ(2 − δ1)

(8)

for the case LC-ITO. Equation 7 shows that two diﬀerent
regimes are present in the limit of low frequency for the sample
of LC-AU2 with the crossover time, τc,AU2 ≈ {(κ2̅ /κ1̅ ) [Γ(2 −
δ1)/Γ(2 − δ2)]}1/(δ2−δ1), indicating that for t ≪ τc,AU2 the
diﬀusion is governed by δ1, whereas for t ≫ τc,AU2 the diﬀusion
characterized by δ2 governs the system, with δ1 < δ2. In this
case, the random walk may present a waiting time distribution
characterized by two power laws, one of them for t ≪ τAu and
the other one for t ≫ τc,AU2. For the case LC-ITO, we have an
anomalous diﬀusion with 0 < δ1 < 1, and, consequently, the
random walk has the waiting time distribution governed by a
power law.

■

CONCLUSIONS
To sum up, we have investigated the diﬀusive regimes
manifested by the ionic motion in an electrolytic cell by
considering Milli-Q water, a weak electrolytic solution of
KClO3, and LCs. In these cases, we ﬁrst veriﬁed, in the lowfrequency limit, that the imaginary part of the electrical
impedance response of the system presented an imperfect
capacitive behavior, that is, A ∼ 1/(iω)γ , which may be due to
a charge accumulation and/or an adsorption−desorption on
2884

DOI: 10.1021/acs.jpcb.7b01097
J. Phys. Chem. B 2017, 121, 2882−2886

Article

The Journal of Physical Chemistry B
the electrode surfaces. The other behaviors exhibited in this
limit depend on the substance considered. An evidence of
charge transfer between the electrode and the electrolyte was
observed, from the experimental data for the Milli-Q water and
KClO3 solution, leading us to consider δ1 = 0. These eﬀects
together indicate that in the low-frequency limit the
conductivity is governed by eq 3, which may be related to
the ionic motion characterized by eq 4. This equation in turn
shows the presence of two diﬀerent diﬀusive regimes, one usual
and the other anomalous, with a crossover time between them.
Thus, the random process related to the ionic motion can be
characterized by a waiting time distribution with two diﬀerent
regimes, for example, a power law for t ≪ τc and an exponential
for t ≫ τc. We note in this case the presence of relaxation time
9* in σ̅1 and σ̅2 because of the charge transfer between the
electrode and the bulk. This constant is absent in eqs 7 and 8
obtained for the LC systems, for which the charge transfer
between the electrode and the bulk is not evidenced by the
experimental data as in the previous case. Consequently,
diﬀerent behaviors are found, and in both cases (LC-AU2 and
LC-ITO), the random process related to the ionic motion in
these samples may be characterized by a waiting time
distribution governed by power laws, which are generally
related to the behavior of the mean square displacement.27 In
all of the cases analyzed here, we observe that the surfaces play
an important role in the ionic motion, thus producing an usual
or an anomalous diﬀusion depending on the interaction
between electrodes and bulk. It has been shown before that
models using boundary conditions of the form of eq 2 embody
the eﬀects produced by a constant-phase element (CPE) in an
equivalent electrical circuit if an appropriate term in the
boundary condition is considered. This result, established on
analytical grounds, opens the perspective to describe the lowfrequency response data regarding very intricate and diﬀerent
electrolyte systems.16 Indeed, the formulation based on the
fractional diﬀusion equations establishes on general theoretical
grounds a connection between these anomalous diﬀusion
models with an entire framework of continuum models and
equivalent circuits with CPEs to analyze the impedance data.15
Furthermore, in the cases analyzed here, the crossover time
between the diﬀusive regimes is directly inﬂuenced by κ1̅ and κ2̅ .
This evidences that the parameters associated to the surface
processes determine the permanence of the system in these
diﬀusive regimes.

Z≈

where * = εS/(2λ) and 9 = λ d /(εSD). The real part of eq
10 can be related to bulk eﬀects. The imaginary part exhibits a
dependence on κ(iω)
and consequently shows how the surface
̅
inﬂuences the system in the low-frequency limit. By a suitable
choice of κ(iω),
the impedance predicted by this model is able
̅
to reproduce the experimental data.
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(3) Langevin, P. Sur la théorie du mouvement brownien. C. R. Acad.
Sci. 1908, 146, 530−533.
(4) Barkai, E.; Garini, Y.; Metzler, R. Strange kinetics of single
molecules in living cells. Phys. Today 2012, 65, 29−35.
(5) Ghosh, S. K.; Cherstvy, A. G.; Grebenkov, D. S.; Metzler, R.
Anomalous, non-Gaussian tracer diffusion in crowded two-dimensional environments. New J. Phys. 2016, 18, No. 013027.
(6) Coquel, A.-S.; Jacob, J.-P.; Primet, M.; Demarez, A.; Dimiccoli,
M.; Julou, T.; Moisan, L.; Lindner, A. B.; Berry, H. Localization of
protein aggregation in Escherichia coli is governed by diffusion and
nucleoid macromolecular crowding effect. PLoS Comput. Biol. 2013, 9,
No. e1003038.
(7) Scher, H.; Montroll, E. W. Anomalous transit-time dispersion in
amorphous solids. Phys. Rev. B 1975, 12, 2455−2477.
(8) Sidebottom, D. L. Colloquium: Understanding ion motion in
disordered solids from impedance spectroscopy scaling. Rev. Mod.
Phys. 2009, 81, 999−1014.
(9) Scher, H.; Lax, M. Stochastic transport in a disordered solid. I.
Theory. Phys. Rev. B 1973, 7, 4491−4502.
(10) Scher, H.; Lax, M. Stochastic transport in a disordered solid. II.
Impurity conduction. Phys. Rev. B 1973, 7, 4502−4519.
(11) Singh, M. B.; Kant, R. Theory for anomalous electric doublelayer dynamics in ionic liquids. J. Electroanal. Chem. 2013, 704, 197−
207.
(12) Tadapatri, P.; Krishnamurthy, K. S.; Weissflog, W. Multiple
electroconvection scenarios in a bent-core nematic liquid crystal. Phys.
Rev. E: Stat., Nonlinear, Soft Matter Phys. 2010, 82, No. 031706.
(13) Kaur, S.; Belaissaoui, A.; Goodby, J. W.; Gortz, V.; Gleeson, H.
F. Nonstandard electroconvection in a bent-core oxadiazole material.
Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys. 2011, 83, No. 041704.
(14) Wiant, D.; Gleeson, J. T.; Éber, N.; Fodor-Csorba, K.; Já, A.;
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